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Abstract
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which ranges from managing the portfolio of R&D or marketing campaigns
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solution. We find that, while a project yielding negative marginal profit can
be safely discarded, it may be profitable to pass on multiple projects at once even
if some of them yield positive marginal profit. Thus, ignoring the spillovers
across projects and focusing on marginal profit can lead to excessively diversified
firms or economies, as opposed to firms or economies with fewer (albeit possibly
larger-scale) projects.
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1 Introduction

Managing portfolios of real assets or research projects is a central problem in

management strategy. Historically, the problem was pointed out by Penrose (1959),

who highlighted that firms need to efficiently manage and exploit synergies across

their assets. The problem of portfolio management is more general than the firm’s

portfolio of products, or units or divisions, however. Firms manage portfolios of

alliances with other firms or organizations, including acquired firms. At a more

disaggregate level, the units or divisions of a firm run several projects at the same

time. For example, in R&D or marketing, they carry out different research projects

or marketing campaigns. Portfolio management is also relevant for organizations

other than standard firms or corporations – for example, venture capitalists manage

portfolios of new businesses.

In the short-run, managing a portfolio boils down to allocating resources across

existing projects. In the longer term, the problem is more fundamental; it is about

which projects to keep and which projects to abandon. The latter is a foundational

problem for firms, as it relates to the determination of their boundaries and the scope

of their portfolios of alliances or acquisitions, or of research projects. For venture

capitalists, it defines the portfolio of activities or businesses supported.

As the adoption of a project hinges on predictions about their future value, it is

a decision made under uncertainty. The manager relies on signals about the true

value of projects, and the question is whether, given its signal and cost, a project

is worth pursuing. The standard approach is to analyze projects individually. This

is, for example, the perspective of the real-option approach in the strategy literature

(Arora and Gambardella, 1994; Adner and Levinthal, 2004; Trigeorgis and Reuer,

2017), a major line of literature that addresses this problem. However, this approach

is restrictive. The units of a firm affect one another because of the exchange of

knowledge, information, or personnel, facilitated by a common corporate culture or

pool of assets or managerial resources, as Penrose (1959) and its ensuing literature

vividly argue. Firms employ those same resources to deal with alliances, acquisi-

tions, research projects, and marketing campaigns. Venture capitalists provide the

projects they manage with similar information, technology, or personnel exchange,

and create opportunities for integration or alliances (Lindsey, 2008).

This suggests the presence of managerial spillovers across projects: A project’s

profit contribution to a portfolio exceeds its stand-alone value, and depends on the

value of the other projects in the portfolio. For example, if a unit of a firm improves
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its operations, this is likely to benefit other units — either because they use a more

efficient input produced by the first unit, there is a greater demand for their own

services by the more efficient unit, or simply because the improved operations serve

as an example of how other units could improve their own operations. Portfolio

management is critical in this respect because it is the means by which opportunities

are transferred across units. By the same token, innovations or improvements that

affect a firm supported by a venture capitalist can be transferred to other firms in

their portfolio.

Ignoring spillovers, the decision whether to undertake a project is simple. Each

project’s expected value given its signal is compared against its cost, and a project is

adopted if and only if the former surpasses the latter. When we account for spillover

effects, a project’s contribution depends on the value of other projects. Projects that

would not stand alone may become profitable when coupled with promising projects.

We find that, conversely, it is profitable to discard a project with positive contribution

to a portfolio if we discard it together with other projects in said portfolio provided

that the savings in aggregate cost surpass the forgone revenue.

This paper formulates and solves the project-selection problem in the presence of

managerial spillovers. We characterize the optimal portfolio and provide a simple

algorithm that constructs it. For this fundamental managerial problem, our paper

lifts a restrictive assumption, making our analysis more relevant to tackling actual

managerial decisions, and provides a practical guide for managers to implement

these decisions.

To focus on the effect of managerial spillovers on portfolio selection, in this paper

we ignore any possible statistical correlation between the projects. In reality, some

projects’ values may be correlated. Promising preliminary results on the effectiveness

of a new drug or new technology are good news for similar applications of said drug

or technology, and (presumably) bad news for alternative treatments or technologies.

Such statistical linkages add another layer of synergy between projects. Positive

correlation compounds the spillover from managerial resources that we tackle in

this paper. As for negative correlation, managers and venture capitalists can treat

negatively-correlated projects as a composite project or asset, to diversify risk. Our

results are applicable after such aggregation has taken place.

Our analysis is static in nature; this paper focuses on the one-shot portfolio-

selection problem. In reality, managers can also learn from past “mistakes”: If a

promising project fails, then we can learn from its failure and improve the future

performance of other projects. To capture this additional form of learning, we must
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let the manager make decisions ex-post, in a dynamic setting. In such a setting,

managers can also refine their assessment of the probability distribution of projects’

values. Francetich and Kreps (2017a,b) tackle the more-general problem of choosing

toolkits from a set of tools and learning about their value from past choices. Except

for under extremely stylized specifications, such a problem is far too cumbersome to

solve analytically. Therefore, Francetich and Kreps (2017a,b) present and analyze the

performance of different types of decision heuristics.

Our study also speaks to an important question raised recently by the strategy

literature. Levinthal and Wu (2010) argue that we need to qualify the notion of

economies of scope produced by assets that can be employed for different purposes.

Some of these resources are non-scale free, in the sense that their employment in

one activity implies that they cannot be used for another activity. For example, a

manager who is capable of directing two lines of businesses can only allocate more

time to one line if she reduces her time spent on the other line. This implies that

there is an opportunity cost to employing fungible resources in different activities,

which limits the scope of the firm. In contrast, some resources such as knowledge

are scale-free. The classical argument, highlighted by Levinthal and Wu (2010), is

that their fungibility is not limited by the same opportunity costs that limit non-scale

free resources, but by coordination costs within the firm. De facto, coordination

costs arise because the activity requires other resources that do not have the same

allocation flexibility. The analysis of this paper shows that when spillovers are scale-

free, even if coordination costs allow them to be exploited across different projects,

firms or venture capitalists could be excessively diversified. It pays to overlook a

project with a positive contribution to the value of a portfolio if we simultaneously

abandon other projects in the portfolio when their aggregate cost does not justify the

value they create for the organization.

The rest of the paper is organized as follows. Section 2 presents a simplified

version of our problem and showcases the intuition for our main results. The general

model is presented in Section 3. Section 4 presents our main results. Finally, Section

5 discusses the managerial implications of our analysis and concludes. Proofs are

relegated to the appendix.

2 Toy Model and Preview of Our Results

Before discussing our general model and analysis, let us fix ideas by analyzing

the following simplified version of our model. There are three projects, each of
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which may (independently) result in failure or success. In the event of success, a

project undertaken produces a value of 1; if the project fails, it produces a value of

0. Let s1, s2, s3 ∈ [0, 1] represent the probabilities that project 1, 2, and 3 succeed,

respectively. These are the signals that the manager observes, and upon which she

bases her decisions. Relabelling the projects if necessary, we can rank the signals as

follows: 1 > s1 > s2 > s3 > 0. The cost of implementing projects is c > 0 a piece.

If the manager ignores spillovers, she would assess the profit from a portfolio

simply as the sum of the values of the projects in said portfolio, net of costs. Given

the projects’ ranking, the manager will want to implement only project 1, 1 and 2, all

three, or neither. The expected profit from the corresponding portfolios are π1, π1,2,

and π1,2,3, where:

π1 = s1 − c,

π1,2 = s1 + s2 − 2c,

π1,2,3 = s1 + s2 + s3 − 3c.

The rule for selecting projects here is simple: Undertake any and all projects whose

signal is above the threshold c. If s3 > c, then we also have that s2 > c and s1 > c, and so

π1,2,3 > π1,2 > π1 > 0; all three projects should be undertaken. If s3 < c < s2 < s1,

then π1,2 > π1 > 0 and π1,2 > π1,2,3; the optimal decision is to implement only 1

and 2. Similarly, if s3 < s2 < c < s1, then π1 > π1,2, π1 > π1,2,3, and π1 > 0; only the

top-ranked project should be undertaken. Finally, if s1 < c, then s3 < s2 < s1 < c,

and π1,2,3 < π1,2 < π1 < 0; the manager is better off forgoing all projects. Notice

that, if it is profitable to undertake a given project, it is even more profitable to undertake all

higher-ranked projects.

Assume now that, accounting for managerial spillovers, profit becomes:

π1 = s1 − c,

π1,2 = s1 + s2 − 2c +
1
2

s1s2,

π1,2,3 = s1 + s2 + s3 − 3c +
1
2
(s1s2 + s1s3 + s2s3).

The spillovers are captured by the interaction terms of the probabilities of success. If

π1,2,3 < π1,2, we can safely forgo project 3. However, for a range of signal values, it

is possible to find values for c such that π1,2,3 > π1,2 and yet π1,2,3 < π1. In words,

project 3 yields a positive contribution to the profit of the portfolio of projects 1 and
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2, and yet it is even more profitable to undertake only project 1. For instance, if

s1 = 0.8, s2 = 0.1, s3 = 0.099, and c = 0.143, then π1,2,3 = 0.65455 and π1,2 = 0.654,

yet π1 = 0.657. The benefit of running all three projects is higher than running only

two, but the total savings in costs when we rule out both 2 and 3 is higher than the

revenue thus forgone.

In the absence of spillovers, projects’ values do not affect each other. Thus, the

decision whether to adopt a project does not depend on the decision whether to

adopt other projects. Accounting for spillovers requires evaluating projects in blocks,

and introduces the following asymmetry in the decision process. If including the

lowest-ranked project lowers the profit of the portfolio of all the other projects, it is

hopeless: Even with all the possible spillovers, its contribution falls short of its cost.

Thus, it can be safely discarded. But a positive contribution to profit does not mean that

the project should be automatically adopted: It may be even more profitable to discard it

together with other projects at once.

The following rule leads to the optimal portfolio. With the three projects ranked

according to their signals as 1 ≥ s1 > s2 > s3 ≥ 0, start with project 3. If π1,2,3 < π1,2,

then discard it and move on project 2; compare π1,2 vs. π1, and adopt both projects

2 and 1 if π1,2 > π1 and π1,2 > 0, project 1 alone if π1,2 < π1 and π1 > 0, and no

project if π1,2, π1 < 0. If π1,2,3 > π1,2, before making any decision, we must compare

π1,2,3 vs. π1. If π1,2,3 > π1 and π1,2,3 > 0, then adopt all projects; if π1,2,3 < π1, then

discard both projects 3 and 2, and undertake 1 provided that π1 > 0.

The intuition for the asymmetry in the selection rule is that, while the project

with the lowest signal spills over to the value of other projects, the joint contribution

of multiple projects might be smaller than their aggregate cost. Failing to account

for managerial spillovers, a project is adopted if and only if its signal is above a fixed

threshold, and – more importantly for the implications that we want to highlight – if

a project is adopted, so will all those that are ranked above it. However, this can be

the wrong decision.

3 The Problem

In this section, we develop a more general model for managerial spillovers across

projects. There is a total of n projects to assess; we denote the set of projects by

N = {1, . . . , n}. The value of undertaking project i is denoted by vi ∈ [vi, vi], where

vi > vi ≥ 0, and its cost is ci > 0. Given a profile of project values v = (v1, . . . , vn),

if a portfolio A ⊆ N of projects is chosen, the ex-post profit for the manager is given
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by:

Π(A; v) := ∑
i∈A



vi



1 + θ ∑
j∈A\{i}

vj



− ci



 , (1)

where θ > 0 is the degree of managerial spillover. This specification is inspired by the

knowledge-accumulation model of Cohen and Levinthal (1989). Projects’ spillovers

are based on their gross value, and impact other projects’ gross values. This latter

effect is proportional, so spillovers can increase the revenue from a successful project

but cannot cause an unsuccessful project to succeed: If a project always yields a gross

value of 0, no amount of spillover from other projects will change that.

Project values are random variables. To isolate the effect of managerial spillovers

on portfolio choice from the effect of other forms of project linkages such as risk

diversification (negative correlation) and complementarities (positive correlation), we

assume that projects’ values are (statistically) independent.

Now, a portfolio must be chosen before the projects’ values are realized. At the

time of making the choice, the manager observes noisy information about a projects’

potential value. These value signals may originate from preliminary research, peer

reviews, reports, etc., and speak to how promising a project is. We denote the signal

for project i by si ∈ [si, si], where si > si ≥ 0. Given vi, signal si is drawn from the

conditional distribution with pdf fi(si|vi).1

Employing Bayes’ rule, we compute the posterior distribution of the value of the

projects given the corresponding signal. For each i, define the function φi(si) that

gives the expected value of project i given its signal: φi(si) = E[vi|si]. We assume

that, for each i, the signals (vi, si) are (statistically) affiliated. This means, essentially,

that higher project values are more likely given higher signals. In other words, a

high signal is good news about the value of the corresponding project. We assume

that it is in fact strictly good news, in the sense that φi(si) is strictly increasing for

every i.

Assumption (Information structure). Values v1, . . . , vn are independent random vari-

ables; signals s1, . . . , sn are independent, continuous random variables; for each i,

φi(si) is strictly increasing.

1The assumption that the distributions of signals are continuous is made for simplicity of the ex-
position. Continuous distributions allow us to ignore the possibility of ties, but discrete distributions
can be accommodated.
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Given a profile of signals s = (s1, . . . , sn), the manager chooses a portfolio A ⊆ N

in order to maximize expected profit given the projects’ signals:

π(A; s) : = E [Π(A, v)|s] = ∑
i∈A

[φi(si) − ci] + θ ∑
i∈A

∑
j∈A\{i}

φi(si)φj(sj) (2)

Thus, we focus on interim spillovers: A project expected to yield a high profit will

boost the expected value of others.

Example 1. A manager has n = 4 projects for consideration. Each project i can either

be successful, in which case vi = 1, or a dud, in which case vi = 0, as in the toy

model of Section 2. The projects’ signals s1, . . . s4 ∈ [0, 1] are their probability of

success; here, φi(si) = si. Given costs and the degree of spillovers, the profit from

selecting portfolio A = {2, 4} is:

π(A; s) = s2 − c2 + s4 − c4 + 2θs2s4

Example 2. Assume now that the projects’ values are uniformly distributed on the

interval [0, 1], and that, given vi, signal si is distributed uniformly on the interval

[0, vi]. Then, φi(si) = si−1
ln(si)

. The profit from selecting portfolio A = {2, 4} is now:

π(A; s) =
s2 − 1
ln(s2)

− c2 +
s4 − 1
ln(s4)

− c4 + 2θ
s2 − 1
ln(s2)

s4 − 1
ln(s4)

As noted in the Introduction, our analysis is static in nature; thus, we do not allow

managers to learn from past mistakes. In some instances, low-profit projects may

also be valuable if they provide the know-how for managers to help other projects

succeed. We abstract from such projects as said linkages are akin to correlation

between values, as opposed to managerial spillovers. Such projects can be assessed

separately, while our analysis applies to the rest of the projects.

The next proposition establishes that the manager’s problem is a well-behaved

lattice-programming problem.

Proposition 1. The function π(A; s) in (2) satisfies the following properties:

1. For each signal profile s, π(A; s) is supermodular in A: For any two portfolios A′

and A′′, we have π(A′ ∪ A′′; s) − π(A′′; s) ≥ π(A′; s) − π(A′ ∩ A′′; s). In words,
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the increment in profit from including additional projects is larger the larger is the

underlying portfolio.

2. For each pair of portfolios A ⊆ A′ ⊆ N and pair of signal profiles s′ ≥ s, we have

π(A′; s′) − π(A; s′) ≥ π(A′; s) − π(A; s). In words, the increment in profit from

additional projects is larger the higher are the signals.

Even though the problem is well-behaved, finding the optimal portfolio can be

cumbersome. The number of possible portfolios to form from n projects is 2n; for

instance, with only 10 projects on the table, we have 1,024 portfolios to assess. The

next section further exploits the structure of the problem with the goal of simplifying

it and providing a practical solution.

4 Rules For Selecting Portfolios

4.1 No-spillover benchmark

We start by considering the no-spillover benchmark, namely the case with θ = 0.

Here, expected profit is additively separable across projects: For each A ⊆ N and

signal profile s,

π(A; s) = ∑
i∈A

[φi(si) − ci]

The next proposition characterizes the optimal portfolio in the benchmark of no

spillover. In this benchmark, a project is undertaken if and only if it can “stand on

its own” in the sense that its expected value given its signal is higher than its cost.

The proof is immediate, so the details are omitted.

Proposition 2. Assume that θ = 0, so that there are no managerial spillovers. Given a

profile of signals s, the optimal portfolio is the portfolio of all projects whose expected value

given their signals surpasses their cost: A0(s) := {i ∈ N : φi(si) > ci}.

This rule can be characterized as a fixed-cutoff rule: A0(s) = {i ∈ N : si > κi},

where κi := φ−1
i (ci).2 Each project is assessed individually and in isolation against a

fixed threshold.

2If the function φi(si) is continuous, then it is invertible. Otherwise, being strictly increasing, we
can take φ−1

i (ci) to be its generalized inverse: φ−1
i (ci) := inf({x ∈ R : φi(x) ≥ ci}).
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Example 1 (Continued.). Each project i stands on its own provided that si > ci; that

is to say, provided that their probability of success is higher than their cost.

Example 2 (Continued.). Here, the condition to undertake project i is si−1
ln(si)

> ci. It

can be shown that the equation si−1
ln(si)

= ci has a unique solution, the threshold κi.

For θ > 0, we have the superadditivity property: For every A ⊆ N and s,

π(A, s) ≥ ∑
i∈A

[φi(si) − ci].

We can show that, if A∗(s) is the optimal portfolio, then A0(s) ⊆ A∗(s). In words, all

projects that can stand on their own remain profitable in the presence of managerial

spillovers. Intuitively, such spillovers can only increase said projects’ value. The

question is which other projects to add to the portfolio. These additional projects are

projects that do not stand on their own but become profitable given the spillovers

from other projects.

We answer this question by first looking at the case where projects are ex-ante

identical, as in the toy model of Section 2.

4.2 Symmetric projects

Assume that projects are ex-ante identical or symmetric, in the sense that their

values are identically distributed and they have the same cost. Thus, we can drop the

subindex i from both φi and ci. In this case, we can rank the projects at the interim

stage by simply ranking their signals.

The next lemma establishes that we can always improve upon a portfolio that has

a lower-ranked project and excludes a higher-ranked project by simply swapping the

two projects. In other words, we can always improve upon a portfolio by replacing

any of its projects with an excluded better one.

Lemma 1. Fix a profile of signals s and relabel the projects if necessary so that s1 > s2 >

∙ ∙ ∙ > sn. For every project i in portfolio A and every project j excluded from A, if j is ranked

higher than i (so that i > j), then replacing i with j increases the profit from the portfolio:

π((A \ {i}) ∪ {j}; s) > π(A; s).
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This lemma implies that we can characterize the optimal portfolio by means of a

cutoff: Either the optimal portfolio is empty, of it is of the form {1, . . . , j} for some

project j ∈ N. However, due to managerial spillovers, the cutoff is now endogenous

in the sense that it depends on the entire profile of signals. Nonetheless, Lemma 1

allows us to reduce the portfolio-selection problem to the following problem:

max
j∈{1,...,n}

π({1, . . . , j}, s)

Example 1 (Continued). Imagine that the signals are s1 = 0.9, s2 = 0.6, s3 = 0.4, and

s4 = 0.1. Costs are c1 = c2 = c3 = c4 = 0.35, and θ = 0.5. Figure 1 depicts the profit

from the portfolios of the form {1, . . . , i} for i = 1, . . . 4. The optimal portfolio is the

portfolio A∗(s) = {1, 2, 3}.

Example 2 (Continued). Let costs, θ, and signals be the same as in Example 1 above.

Now, the optimal portfolio is the full portfolio, A∗(s) = {1, 2, 3, 4}; see Figure 2.

0 1 2 3 4

Worst project considered

0

0.2

0.4

0.6

0.8
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1.2

1.4

1.6

1.8

2

P
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fit

Figure 1: Profit from portfolios {1, . . . , i} for i = 1, . . . 4 in Example 1.
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Figure 2: Profit from portfolios {1, . . . , i} for i = 1, . . . 4 in Example 2.

In both examples 1 and 2, the graphical representation of the profit from the port-

folios of the form {1, . . . , i} is single-peaked. This makes finding the optimal portfolio

particularly easy: If we start from the lowest-ranked project, discard projects one at

a time as long as doing so raises profits; as soon as profit would start going down,

you have reached the peak and thus found the best portfolio.

Unfortunately, this is not a general property of the problem, but rather a special

feature of these examples.

Example 3. In the same environment as in Example 1, but with only n = 3 projects,

imagine that the signals are now s1 = 0.8, s2 = 0.2, s3 = 0.199; costs are c1 = c2 =

c3 = 0.39, and θ = 0.5. Figure 3 depicts the profit from the portfolios of the form

{1, . . . , i} for i = 1, . . . 3. The full portfolio is more profitable than the portfolio {1, 2};

however, the best portfolio is to undertake project 1 alone: A∗(s) = {1}.

Thus, accounting for managerial spillovers requires evaluating projects in blocks,

and introduces the following asymmetry in the selection process. We start with the
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Figure 3: Profit from portfolios {1, . . . , i} for i = 1, . . . 3 in Example 3.

lowest-ranked project, where the managerial spillover is maximal. If including the

bottom project decreases the profit from the portfolio of all the other projects, it is

hopeless: Even with all the possible spillovers, its contribution to revenue falls short

of its cost. Thus, it can be safely discarded. But said contribution being positive

does not mean that the project should be automatically adopted: It may still be profitable

to discard it together with other projects. The intuition is that, while spillovers may

make it more profitable to undertake such a project than to abandon it if all superior

ones are undertaken, the savings in aggregate cost from abandoning multiple projects

at once may outweigh the loss in revenue.

The next proposition provides an algorithm to construct the optimal portfolio

given a profile of signals. For this algorithm, we will employ the following measure

of incremental profit.

Definition 1 (Incremental profit). Given a portfolio A ⊆ N, a project i ∈ A, and a

profile of signals s, define the incremental profit from i to A given s, ν(i, A, s), as the

function ν(i, A, s) := π(A, s) − π({1, . . . , i − 1}, s).
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The incremental profit from project i to portfolio A captures the change in the

profit from portfolio A if we discard project i together with any other lower-ranked

projects, if any, from A.

Proposition 3. Fix a profile of signals s and relabel the projects if necessary so that s1 >

s2 > ∙ ∙ ∙ > sn. The following algorithm constructs A∗(s).

1. Step 1: Compute ν(n, N, s), the incremental profit from the lowest-ranked project to

the portfolio of all projects.

(a) If ν(n, N, s) < 0, set A1 := {1, . . . , n − 1} and move to Step 2.

(b) If ν(n, N, s) > 0, set A1 := N and move to Step 2.

2. Step k = 2, . . . , n − 1: Compute ν(n − k + 1, Ak−1, s), the incremental profit from

project n − k + 1 to the portfolio of remaining projects under consideration.

(a) If ν(n − k + 1, Ak−1, s) < 0, set Ak := {1, . . . , n − k} and move to Step k + 1.

(b) If ν(n − k + 1, Ak−1, s) > 0, set Ak := Ak−1 and move to Step k + 1.

3. Step n

(a) If π(An−1, s) < 0, set A∗(s) := ∅ and Stop.

(b) If π(An−1, s) > 0, set A∗(s) := An−1 and Stop.

Finding the optimal portfolio involves performing n computations, a considerable

improvement from 2n.

The algorithm reflects the asymmetry in the decision process. If a project yields a

negative incremental profit to the portfolio of superior projects, then said project can

be safely discarded (sub-step (a)). However, a project that yields positive incremental

profit to said portfolio is not automatically adopted, since it may be profitable to

discard it along with other projects at once. (sub-step (b)).

The asymmetry in the decision rule disappears if the profit function is single

peaked, as in examples 1 and 2. In this case, we can simplify our search process

further. In order to do this, we introduce the following definitions.

Definition 2 (Marginal profit). Given a project i > 1 and a profile of signals s, define

the marginal profit from i given s, μ(i, s), as the function μ(i, s) := ν(i, {1, . . . , i}, s); for

i = 1, define the marginal profit as μ(1, s) := π({1}, s).
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Definition 3 (Concavity). Given a profile of signals s, we say that π({1, . . . , i}, s)

is strictly concave in i if higher-ranked projects yield a higher marginal profit than

lower-ranked projects: For every i = 2, . . . , n, μ(i − 1, s) > μ(i, s).

In words, the marginal profit from a project is the increment in profit that results

from including said project in the portfolio of all higher-ranked projects. We have

strict concavity when marginal profit is strictly increasing in projects’ ranking.

The following lemma characterizes the optimal portfolio under strict concavity as

the portfolio of projects with positive marginal profit, and serves as the foundation

for the modified algorithm of the following proposition. These results are immediate

consequences of strict concavity, so further details on the proofs are omitted.

Lemma 2. Fix a profile of signals s and relabel the projects if necessary so that s1 > s2 >

∙ ∙ ∙ > sn. Assume that the function π({1, . . . , i}; s) is strictly concave in i. Construct the

set of all projects with positive marginal profit, I(s) := {i ∈ {1, . . . , n} : μ(i, s) > 0}.

If I(s) 6= ∅, then A∗(s) = {1, . . . , i∗(s)}, where i∗(s) := max(I(s)) is the index of the

lowest-ranked project with positive marginal profit; otherwise, A∗(s) = ∅.

Proposition 4. Fix a profile of signals s and relabel the projects if necessary so that s1 >

s2 > ∙ ∙ ∙ > sn. Assume that the function π({1, . . . , i}; s) is strictly concave in i. The

following algorithm constructs A∗(s).

1. Step 1: Compute μ(n, s).

(a) If μ(n, s) > 0, set A∗(s) := N and Stop.

(b) If μ(n, s) < 0, set A1 := {1, . . . , n − 1} and move to Step 2.

2. Step k = 2, . . . , n − 1: Compute μ(n − k + 1, s).

(a) If μ(n − k + 1, s) > 0, set A∗(s) := {1, . . . , n − k} and Stop.

(b) If μ(n − k + 1, s) < 0, set Ak := Ak−1 and move to Step k + 1.

3. Step n: Compute π({1}, s).

(a) If π({1}, s) > 0, set A∗(s) := {1} and Stop.

(b) If π({1}, s) < 0, set A∗(s) := ∅ and Stop.

Under strict concavity, the symmetry of the selection process is restored. A project

with negative marginal profit can be safely discarded, and the search stops as soon

15



as the first project with positive marginal profit is identified. The reason is that, if a

given project has a positive marginal profit, so will all other higher-ranked projects.

4.3 Asymmetric Projects

When projects are symmetric, we can rank them according to their signals. If

all projects are equally costly, then if a project’s signal is high enough to warrant its

inclusion in the optimal portfolio, all higher-ranked projects will also be undertaken.

However, comparing projects ceases to be straightforward once we allow the distri-

butions of either values or signals, or the costs, to be different across projects. A

more-promising project can be less appealing than a less-promising one if the latter

is sufficiently cheaper to undertake.

The insights from the symmetric case carry over to the case of asymmetric value

distributions but identical costs, after the signals are properly adjusted. We tackle

this case first, leaving the general analysis for the end of the section.

Asymmetric distributions but equal costs

With asymmetric distributions, the signals we get for different projects are no

longer directly comparable. If a project is more likely to generate high signals even

for low values, then higher signals from it are “less good news” than are higher

signals from other projects.

In order to make comparisons across projects, the signals must first be weighted.

Rather than ranking the projects based on the signals directly, we rank them based

on the conditional-expectation values φi(si). Thus, we now label the projects so that

φ1(s1) > φ2(s2) > ∙ ∙ ∙ > φn(sn) — which will generally be different from the labelling

based on s1 > s2 > ∙ ∙ ∙ > sn —, and proceed as in Propositions 3, 4.

Example 4. There are n = 3 projects for consideration. Projects i = 1, 2 can either

be successful or a dud, as in Example 1; the value for project 3, however, is as in

Example 2. Thus, we have φ1(s1) = s1, φ2(s2) = s2, and φ3(s3) = s3−1
ln(s3)

. Costs are

c1 = c2 = c3 = 0.55, and θ = 0.5. Let the signals be s1 = 0.8, s2 = 0.2, and s3 = 0.1.

Now, φ1(s1) = 0.8 and φ2(s2) = 0.2 but φ3(s3) = 0.3909 > φ2(s2). Even though

project 3 has the lowest signal, project 2 is the least-promising one once the signals

are properly weighted. Figure 4 identifies the optimal portfolio as the portfolio of

the top-two projects, which in this case are projects 1 and 3: A∗(s) = {1, 3}.
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Figure 4: Profit from portfolios {1}, {1, 3}, and {1, 2, 3} in Example 4.

General asymmetric case

With both asymmetric distributions and asymmetric costs, Lemma 2 ceases to

hold: A project that yields a high gross value and high spillover to other projects

may not be profitable if its cost is too high.

Example 5. There are n = 3 projects. Projects 1 is as in Example 1; project 2 is

an in Example 2; for project 3, we have that v3 ∼ U[0, 1] but s3 given v3 is drawn

from the conditional distribution with cdf F(s3|v3) = (s3/v3)
2 on [0, v3]. Compared

to the uniform distribution, the latter puts more weight on lower signals. Thus, a

higher value of s3 is “better news” about v3 than the same value for s2 is about v2.

Here, φ1(s1) = s1, φ2(s2) = s2−1
ln(s2)

, and φ3(s3) = − s3
1−s3

ln(s3). Costs are c1 = 0.6,

c2 = 0.4, c3 = 0.8, and θ = 0.5. Figure 5 depicts the profit from all portfolios when

signals are s1 = 0.9, s2 = 0.3, and s3 = 0.1, and φ1(s1) = 0.9, φ2(s2) = 0.5814, and

φ3(s3) = 0.2558. Portfolios are labelled as follows: the null portfolio is portfolio 0;

portfolio 1 is {1}; 2 is {2}; 3 is {3}; 4 is {1, 2}; 5 is {1, 3}; 6 is {2, 3}; and 7 is {1, 2, 3}.

The optimal portfolio is portfolio 4, namely A∗(s) = {1, 2}.
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Figure 5: Profit from all portfolios in Example 5.

To construct the optimal portfolio, we consider the following variation of the

marginal profit from a project.

Definition 4 (Generalized marginal profit). Given a project i, a portfolio i ∈ A, and

profile of signals s, define the marginal profit from i to A given s, μ(i, A, s), as the

function:

μ(i, A; s) = π(A; s) − π(A \ {i}; s) = φi(si) + 2θ ∑
j∈A\{i}

φj(sj)φi(si) − ci

Compare this definition to definition 2. In definition 4, we measure the increment

in profit from adding project i to a generic portfolio, not necessarily the portfolio of

higher-ranked projects. The generalized marginal profit function is non-decreasing

in A: If i ∈ A ⊆ B, then μ(i, B; s) ≥ μ(i, A; s). As in Proposition 3, since a project’s

marginal profit is its highest to the full portfolio, we start there. As ranking the

projects is less straightforward, we compute the marginal profit of all projects. If a

project yields a negative marginal profit to the full portfolio, we can safely discard
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it. The problem is that, once a project is discarded, the marginal profit from all the

remaining projects must be reassessed. The next proposition presents the details.

Proposition 5. Given a profile of signals s, the following algorithm constructs A∗(s).

1. Step 1: For each i ∈ N, compute μ(i, N; s), and let i1 ∈ arg min{μ(i, N; s) : i ∈ N}.

If μ(i1, N; s) ≥ 0, set A∗(s) = N and stop; if μ(i1, N; s) < 0, set A1 = N \ {i1} and

move to Step 2.

2. Step k = 2, . . . , n − 1: For each i ∈ Ak−1, compute μ(i, Ak−1; s), and let ik ∈

arg min{μ(i, Ak−1; s) : i ∈ Ak−1}. If μ(ik, Ak−1; s) ≥ 0, set A∗(s) = Ak−1 and

stop; if μ(i1, Ak−1; s) < 0, set Ak = A \ {ik} and move to Step k + 1.

3. Step n: If this step is reached, the portfolio An−1 is a singleton; denote its element by

in. If φin(sin) ≥ cin , set A∗(s) = {in} and stop; if φin(sin) < cin , set A∗(s) = ∅ and

stop.

We can construct the optimal portfolio performing at most n(n+1)
2 computations,

which is still an improvement from 2n.

5 Implications and Conclusion

Our project-selection problem has implications for firm management strategy,

including the determination of the very boundaries of the firm. When projects are

assessed ignoring managerial spillovers, the decision process is symmetric – a project

is undertaken if and only if its value signal surpasses a given threshold. Thus, the

decisions to keep or to discard projects require the same amount of cognitive effort,

and managers are less likely to suffer any bias one way or the other. In the presence

of spillovers, if managers apply the same decision rule, they will correctly discard

projects when their marginal profit is negative, but they may undertake excessively-

many projects with positive marginal profit, some of which should be discarded

in block. Thus, firms may be excessively diversified; or they may hold too many

alliances, or undertake too many acquisitions; or they may open too many research

projects, or develop too many products; venture capitalists may launch too many

new businesses.

This has theoretical and practical implications for corporate strategy, and more

generally for the choices of portfolios of activities of an organization. Biases in
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decision-making permeate strategic decisions in firms, and improving the decision-

making process can have important implications for firm performance (Lovallo and

Sibony, 2010; Sibony et al., 2017; Levine et al., 2017). Our model indicates that

when deciding whether to keep or abandon projects (e.g., divest units or divisions),

marginal analysis at the level of individual projects can be misleading.

Several theories of the firm explain integration, or whether firms internalize or

externalize assets. The transaction cost theory suggests that firms compare the costs

of keeping activities within the organization with the transaction costs of acquiring

the same service from the market (Coase, 1937; Williamson, 1975). We argue that

firms may integrate too many diverse assets if they fail to account for managerial

spillovers, or due to the asymmetry in the decision process. Firms may integrate

activities that yield positive marginal profit given the rest of the structure, but that

should be externalized simultaneously with other parts of the structure. Another

way to think of this issue is that the bias of checking projects or units individually

implies that firms may overestimate the net value of internalization. Thus, when

comparing internalization vs. transaction costs, they may internalize activities that

should instead be externalized.

Note that we are not suggesting that firms ought to downsize. If a block of projects

involves higher costs than expected benefits, by discarding said projects, firms can

reinvest to scale up the remaining ones. The issue is not necessarily that firms may

be excessively large, but excessively diversified; they may benefit from scaling up

some projects by eliminating the excessive fragmentation of their activities. Firms

may have too many divisions or product lines, or too many alliances or acquisitions;

the goal need not be to simply reduce them, but to invest more resources in the

smaller portfolio of projects undertaken. Or it may well be that it is optimal to reduce

the scope of research projects, and bet on fewer larger projects. Venture capitalists

may be experimenting too much with new businesses (Kerr et al., 2014), and more

generally societies may be trapped into an excessive fragmentation of entrepreneurial

activities. It may be optimal to pick fewer new ventures but invest more resources in

them.

Note also that the decision to reduce the excessive differentiation of projects does

not have anything to do with risk or uncertainty – with the idea that firms may

want to keep diverse portfolios to reduce risk. Our argument involves manage-

rial spillovers across projects exclusively: Blocks of projects may produce spillovers

across them that are not strong enough to justify their aggregate cost.

Our argument applies equally well to the decision of discarding projects that
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firms already hold in their portfolios, not just to the decision of undertaking new

projects. The former is a restructuring strategy: Firms assess their own extant busi-

nesses and check which ones they should keep and which ones they should discard.

The latter is a growth strategy: Firms assess potential new investments (alliances,

acquisitions, new internal projects), and check which ones they want to pursue. In

both cases, we argue, accounting for the managerial spillover across projects is a

critical part of making sound decisions.

The practical question is whether managers can identify projects that have a pos-

itive marginal profit but that should be ruled out as a block. This squares with the

way we think that firms design their organizations. Typically, divisions are units

with maximal interdependence of the activities that fall within, and with minimal

interdependence of the activities that fall outside (Simon, 1973; VonHippel, 1990).

Here, we are suggesting that to assess a project, managers have to assess the value of

keeping or discarding an entire division rather than a single project within it. Such

decisions are more lumpy, in the sense that they regard coarser sets of activities, and

therefore imply a higher mobilization of resources. This is why they are longer-term

decisions, and why they impinge on questions about the nature and the identity of

the firm, as opposed to their operations.

The final remark is about the practical nature of our algorithm. Our suggestion is

that firms monitor their activities and produce constant assessments of their projects

to obtain signals about their value. This is consistent with classical approaches in

strategy. Porter (1985) emphasized that firms need to monitor systematically the

value of very small units of activities. More recently, scholars have argued that data-

driven decisions produce higher firm performance, and digital technologies help to

collect, store, and utilize data to a much greater extent than in the past (Brynjolfsson

and McElheran, 2016). This implies that firms can now produce signals about their

businesses or projects efficiently and systematically. Such signals can serve as the

basis for our algorithm.

Assessing and selecting projects in the presence of managerial spillovers involves

a greater cognitive effort than ignoring the spillovers. Our algorithm can help reduce

this effort by providing practical guidance, helping managers make better managerial

decisions.
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A Proofs

Proof of Proposition 1. Identify the subsets of N with vectors in {0, 1}n, where set

A ⊆ N is represented as a vector a with i-th entry of 1 if i ∈ A and of 0 otherwise.

Then, we have:

Π(a, v) =
n

∑
i=1

[

ai(vi − ci) + θ ∑
j 6=i

aiajvivj

]

1. For each fixed v, the function Π(a, v) has increasing differences. Therefore, it

is supermodular. As supermodularity is preserved by taking expectation over v, the

result follows.

2. Take a, a′ ∈ {0, 1}n such that a′ ≥ a, and define the function ε(s) := π(a′, s) −

π(a, s); we want to show that ε is non-decreasing. To this end, let

H(v, s) : =
n

∑
i=1

[

a′i(vi − ci) + θ ∑
j 6=i

a′ia
′
jvivj

]

−
n

∑
i=1

[

ai(vi − ci) + θ ∑
j 6=i

aiajvivj

]

=
n

∑
i=1

[

(a′i − ai)(vi − ci) + θ ∑
j 6=i

(a′ia
′
j − aiaj)vivj

]
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we have that ε(s) = E[H(v, s)|s]. This function H is non-decreasing: It is constant

with respect to the signals si, and it is non-decreasing with respect to values vi:

∂H(v, s)
∂vi

= a′i − ai + θ ∑
j 6=i

(a′ia
′
j − aiaj)vj ≥ 0.

It follows from Theorem 5 in Milgrom and Weber (1982) that ε is non-decreasing.

Proof of Lemma 1. Write π((A \ {i}) ∪ {j}; s) − π(A; s) as:

π((A \ {i}) ∪ {j}; s) − π(A; s) = φ(sj) − φ(si) + 2θ[φ(sj) − φ(si)] ∑
h∈A\{i}

φ(sh)

By affiliation, the function r(x) = φ(x) + 2θφ(x) ∑h∈A\{i} φ(sh) is strictly increasing.

Thus, the lemma follows.

Proof of Proposition 3. Fix signal profile s; let the algorithm terminate at portfolio

A∗(s), and assume that we can find a different portfolio A′ such that π(A′, s) >

π(A∗(s), s). By Lemma 1, we may assume that A′ is of the form A′ = {1, . . . , j} for

some j ∈ N. (It cannot be empty, as otherwise we get an absurd: 0 = π(A′, s) >

π(A∗(s), s) ≥ 0; and if it is not of the aforementioned form, we can improve on it by

swapping the lower-ranked projects in A′ with the missing higher-ranked projects.)

At step n − j, the algorithm either selects A′ or identifies another portfolio with an

even higher payoff. Thus, if the algorithm terminates at A∗(s), it must be the case

that wither A∗(s) = A′ or π(A∗(s), s) > π(A′, s). Both of these cases lead to a

contradiction.

Proof of Proposition 5. Let A∗ be the portfolio constructed by the proposed algo-

rithm, and assume that we can find some other portfolio A′ 6= A∗ such that π(A′; s) >

π(A∗; s). Pick any j ∈ A′ ∩ A∗c, and consider the portfolio A∗ ∪ {j}. We have:

μ(j, A∗ ∪ {j}; s) = π(A∗ ∪ {j}; s) − π(A∗; s) > 0

Let kj be the step in the algorithm where project j is dropped. Then,

μ(j, Akj−1; s) ≥ μ(j, A∗ ∪ {j}; s) > 0

This contradicts the assumption that j /∈ A∗.
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